Revealing conditions required for achieving Kerr bistable memory based on whispering gallery mode cavity.
Introduction
Recent progress on the fabrication technology of ultra-high Q microcavities has enabled us to obtain an optical bistable memory with extremely low power [1, 2] . In our previous work [3] , we demonstrated numerically that Kerr bistable memory operation is possible with a whispering-gallery mode cavity by choosing appropriate coupling with input/output waveguides and we used an add-drop system for that analysis. However, that study does not describe the quantitative conditions under which a Kerr bistable memory can be achieved.
Therefore, this paper reports that the quantitative conditions for achieving a Kerr bistable memory calculated by using a coupled mode theory-based numerical analysis. The analysis revealed that high-contrast operation can be obtained in an add-drop system but not in side-coupled system when the thermo-optic (TO) effect is present. The conditions clarified by the analysis are very important for achieving an optical Kerr bistable memory. .
Numerical model
This section describes the numerical model used for the analysis. We developed a numerical model of a side-coupled system ( Fig. 1(a) ) and an add-drop system ( Fig. 1(b) ), which consists of a silica toroid microcavity [4] , by using the coupled mode theory (CMT) [5] . The master equations of the add-drop system are as follows;
Here cavity , in , out , c, 0 , , 0 , loaded and Δ are the light energy in the cavity, the input power, the output power, the light velocity, the resonant wavelength of a cavity, the input wavelength, the refractive index of the cavity, cavity loaded photon lifetime and the nonlinear refractive index change of the cavity, respectively. The loaded photon lifetime can be defined as
where int is the intrinsic photon lifetime and coup1 and coup2 are the photon lifetimes determined by the coupling with each waveguide. And the nonlinear refractive index change Δ is the sum of the refractive index change caused by Kerr and TO effect (Δ Kerr , Δ TO ) as Δ = Δ Kerr + Δ TO . Note that if we apply Eqs. ((1)-((3) to a side-coupled system, we must simply to set coup2 as infinite. To achieve a Kerr bistable memory in an ultra-high Q cavity, we have to ensure that coup1 is small enough (corresponding to over-coupling between the cavity and the waveguide), because we have to finish the memory operation before the thermo-optic (TO) effect becomes dominant [3] . However, in a side-coupled system ( Fig. 1(a) ), a smaller coup1 results in shallower dips in the transmission spectra of the system, because the critical coupling condition ( int −1 = coup1
) cannot be satisfied. As a result, it becomes difficult to discriminate between high and low output states, even though the cavity has two stable states for energy in the cavity. On the other hand, in an add-drop system ( Fig. 1(b) ), we can have a large contrast even when the coupling is very strong, because the critical coupling condition ( coup1 . The use of an add-drop system is the key to achieve a Kerr bistable memory in the presence of the TO effect. To investigate this finding quantitatively, we have to obtain the data regarding the contrast between (a) (b)
the two stable output states and the influence of the TO effect. Therefore, the remainder of this section explains how to calculate these data. The contrast depends on the coupling strength (i.e. coup1 and coup2 ) and the wavelength detuning = − 0 . With this in mind, we calculate the contrast for different coup1 and values by using Eqs.
( (1)-( (3) assuming an ideal condition where there is no nonlinear refractive index change other than the Kerr effect. An example the hysteresis curve for the light energy in a side-coupled system is shown by the blue line in Fig. 2 (a) and (b). We can define the normalized contrast between two bistable output states out cont = ( out high − out low ) out high ⁄ from Fig. 2(b) .
By repeatedly performing the calculations, we can obtain the contrast between the two stable output states out cont ( coup1 , ) for given coup1 and values. Next, we analyze the influence of the TO effect. In general, the accumulation of heat makes it difficult to observe a Kerr bistable memory, so we should compare how large a TO effect is allowable for a Kerr bistable memory with how large a TO effect is induced. First, we focus on the former value. Since there is no carrier generation in a silica toroid microcavity, only TO (  TO ) and Kerr (  Kerr ) effects have to be considered. In an ideal case where the TO effect is negligible, the refractive index change  is equal to  Kerr , and an ideal optical Kerr bistablity is obtained as shown by the blue line in Fig. 2(a) . From this curve we can know the input drive power in drive = ( in jump + in drop )/2 , which is required information if we are to use the system as a bistable memory. At the beginning of the memory operation, the memory can be operated according to the ideal curve because heat has not yet accumulated in the system. However, after a certain time, the accumulated heat becomes larger and Δ TO is greatly increased. As a result, the curves gradually become deformed as shown by the purple and magenta lines in Fig. 2(a) . Due to the deformation, there is only one output state in the magenta line on the input drive power in drive . In general it is impossible to readjust in drive during operation, so we can no longer obtain a Kerr bistable memory when Δ TO is very large. This is the difficulty involved in achieving a Kerr bistable memory in the presence of the TO effect. With this circumstance in mind, we investigated the maximum refractive index change caused by TO effect Δ TO max , which allows us to achieve a Kerr bistable stable memory by using Eqs. (1)-(3) . The Kerr bistable memory only works while Δ TO is smaller than Δ TO max . Next, we estimate how much heat is accumulated during memory operation.
As mentioned above, we can obtain an optical Kerr bistable memory only when Δ TO ≤ Δ TO max . This means that when Δ TO at the end of memory operation (Δ TO end ) is smaller than Δ TO max , a Kerr bistable memory can be achieved without suffering from the TO effect during the entire operation. Therefore, we performed a transient CMT analysis, which is similar to the approach described in Ref. [3] , to obtain Δ TO end for different coupling coup1
and detuning values. The input waveform used in the calculation is shown in Fig. 3 . Note that we normalize the time duration of the input waveform by each each loaded photon lifetimes ( loaded ) because the response time of the cavity depends on its loaded photon lifetime. In our analysis, we employ ( , , ) = (20,15,25) (Fig. 3) and the set and reset pulse duration is 5.
By considering othe obtained out cont , Δ TO end and Δ TO max for different coup1 and values, we can reveal the conditions that are necessary for achieving a Kerr bistable memory in the presence of the TO effect. Figure Fig. 4(a) and (b) show the results of numerical calculations both in a side-coupled system and an add-drop system. The color maps show the normalized contrast between the high and low states of the output power out cont for various coup1 and values when only Kerr nonlinearity is considered. Note that coup2 is properly controlled to satisfy the critical coupling condition ( coup2
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for an add-drop system (Fig. 4(b) ). Fig. 4(a) indicates that the contrast disappears in a side-coupled system when coup1 is small because the critical coupling condition cannot be satisfied. On the other hand, Fig. 4(b) shows that the contrast remained large even when coup1 was small in an add-drop system because the critical coupling condition can be satisfied by the appropriate control of coup2 . Red dots on the color maps indicate the conditions where Δ TO end is equal to Δ TO max , which is obtained by the transient analysis. In the area to the left of the plots, Δ TO end is smaller than Δ TO max , because the entire time required for the memory operation is shorter when coup1 (i.e. loaded ) is smaller, and a short memory operation time leads to a small-Δ TO end . This means that the Kerr effect can be used without it suffering from the TO effect when we perform a Kerr bistable memory operation under this condition. However, out cont is nearly zero in this small-coup1 area if we use a side-coupled system (Fig. Fig. 4(a) ). As mentioned above, the bistable behavior cannot be observed if the contrast is small. Therefore we can conclude that optical bistable memory operation cannot be demonstrated with a side-coupled system in a realistic system where the TO effect is present. On the other hand, in the left area of the plots, out cont is very large in an add-drop system (Fig. Fig. 4(b) ). This means that we can achieve a Kerr bistable memory by using an add-drop system.
To confirm whether the understandings obtained from Fig. 4 are really right or not, we conduct transient CMT analysis under the given conditions. Figure 5(a)-(c) show transient Kerr memory operations at points "A" and "B" shown in Fig. Fig. 4(a) and point "C" shown in Fig. Fig. 4(b) . At point "A" (Fig. 5(a) ), cavity shows a memory operation but out does not. This is because the critical coupling condition cannot be satisfied in a side-coupled system. Furthermore, neither cavity nor out show a memory operation at point "B" (Fig. 5(b) ) because of the accumulation of heat. However both cavity and out clearly exhibit a memory operation at the point "C" (Fig. 5(c)) because the critical coupling is satisfied and the heat accumulation is very small under this condition. These results are almost same as those predicted by Fig. Fig. 4 . Therefore, we can conclude that the use of an add-drop system and small coup1 are essential if we are to obtain a Kerr bistable memory in a realistic system where the TO effect is present. 
Conclusion
In this study, we analyzed a Kerr bistable memory in both a side-coupled cavity system and an add-drop system. The analysis revealed that we must use an add-drop system and a short coupling photon lifetime if we are to achieve a Kerr bistable memory in the presence of the TO effect. In addition, we clarified the conditions under which a Kerr bistable memory can be achieved. These results are very important in terms of achieving a Kerr bistable memory not only in a silica toroid microcavity [1] but also ordinary WGM cavities [2] . 
